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ȨᏙǼኧǻȩ ٯࡵ໣  ڬ੏ฅᒠ 

 

жኧ ȉ ᎩԄۓ౛ 

 

ᄔा 

 
 1. ୷ҁޑӭ໨ԄၮᆉǴᙁൂޑ৖໒Ԅسኧ؃ॶǶ 

 2. ϟಏӭ໨ԄߏନݤǵᆕӝନݤǶ 

 3. ᎩԄۓ౛Ǻ  

  )(xf  ନа )( ax − af)( ࣁᎩԄޑ  Ƕ 

 4. ճҔᎩԄۓ౛ϩှӭ໨ԄǶ 

  



ȵݸĿᄲŝȶشᙯᤋ http://goodprimes.eu5.org/ 
 

2

 5. ճҔᎩԄۓ౛ϩှӭϡჹᆀӭ໨ԄǶ 

  аΠࣁ΋٤ჹᆀӭ໨ԄٯޑηǺ 

  (a) ߚሸԛჹᆀӭ໨Ԅ 

   (i) Βϡӭ໨Ԅ 

    ΋ԛǺ ByxA ++ )(  

    ΒԛǺ DyxCBxyyxA +++++ )()( 22  

    ΟԛǺ )()()( 222233 yxCxyyxByxA +++++  

      FyxEDxy ++++ )(  
   (ii) Οϡӭ໨Ԅ 

    ΋ԛǺ BzyxA +++ )(  

    ΒԛǺ )()( 222 zxyzxyBzyxA +++++  

      DzyxC ++++ )(  

  (b) ሸԛჹᆀӭ໨Ԅ 

   (i) Βϡӭ໨Ԅ 

    ΋ԛǺ )( yxA +  

    ΒԛǺ BxyyxA ++ )( 22  

    ΟԛǺ )()( 2233 xyyxByxA +++  

    ѤԛǺ 223344 )()( yCxxyyxByxA ++++  

    ϖԛǺ )()( 4455 xyyxByxA +++  

      )( 2323 xyyxC ++  

    ϤԛǺ )()( 5566 xyyxByxA +++  

      332424 )( yDxxyyxC +++  
   (ii) Οϡӭ໨Ԅ 

    ΋ԛǺ )( zyxA ++  

    ΒԛǺ )()( 222 zxyzxyBzyxA +++++  

    ΟԛǺ )( 333 zyxA ++  

      )( 222222 yzxzzyxyzxyxB ++++++  
      Cxyz+  
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 ٯࡵ

 
1. ؃ 4432 )97531( xxxx ++++  ৖໒Ԅύ2 ޑx  ኧǶسޑ 

เǺ চԄ = 42 ...)531( +++ xx   

   = 2222222 ...])5)(3(2)5)(1(2)3)(1(2)5()3()1[( ++++++ xxxxxx  

   = 222 ...)10691( ++++ xxx  

   = 22 ...)1961( +++ xx  

   = ...)19)(6(2)19)(1(2)6)(1(2)19()6()1( 222222 ++++++ xxxxxx  

   = ...3812361 22 ++++ xxx  

   = ...74121 2 +++ xx  

 74Ƕ ࢂኧس؃܌ࡺ 

 

2. ؃ 32 )79( +− xx  ନа 972 +− xx  ᎩԄǶޑ 

เǺ з 972 +−= xxy Ǵ 

 32 )79( +− xx   = 3)22( −− xy  

      = 3223 )22()22(3)22(3 +−+++− xyxyxy  

 җܭ΢Ԅѓᜐޑ२Ο໨֡ё᏾ନ 972 +−= xxy Ǵ 

΢Ԅନа 972ࡺ  +−= xxy  ᎩԄ࣬ӕǶޑ ໨ନа y҃کᎩԄޑ 

 ҃໨   = 3)22( +− x   = 824248 23 −−−− xxx  

     = 712512)97)(808( 2 +−+−−− xxxx Ƕ 

712512 ࣁᎩԄࡺ  +− x Ƕ 

 

3. ؃ 133 23 +++ xxx  ᆶ 474 23 +++ xxx  നεϦӢԄᆶനλϦ७ԄǶޑ 

เǺ ( 133 23 +++ xxx , 474 23 +++ xxx ) = ( 342 ++ xx , 474 23 +++ xxx ) 

          = ( 342 ++ xx , 44 +x ) 

          = ( 342 ++ xx , 1+x ) 

          = ( 22 +x , 1+x ) 

          = 1+x  

x+1 ࣁനεϦӢԄࡺ  Ƕ 

 133 23 +++ xxx  = 3)1( +x Ǵ  

 474 23 +++ xxx  = )43)(1( 2 +++ xxx Ƕ 

  ࣁനλϦ७Ԅࡺ 
1

)474)(133( 2323

+
++++++

x

xxxxxx
 

     = 
1

)43()1( 24

+
+++

x

xxx
 = )43()1( 23 +++ xxx Ƕ 
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4. ೛ )(xf 644 ࣁ  +x 16166 ک  23 +++ xxx 2(f( നεϦӢԄǴ؃ޑ  Ƕ 

 (HKMO 1990/91 ߃ᖻঁΓ) 

เǺ   6416166)16166()64(|)( 23234 +−−−=+++−+ xxxxxxxxxf  

 ջ  32883|)( 23 −++ xxxxf Ǵ 

)(|)а  )16166(3)32883܌  2323 +++−−++ xxxxxxxf  

   804010|)( 2 −−− xxxf  

   84|)( 2 ++ xxxf  

 ၂ନǴளޕ )(xf  ӢԄǴջനεϦӢԄǶޑԄٿࣁ 

)2()2(4)2(208 ࡺ  2 =++=f Ƕ 

 

5. ऩ 323 ++ kxx  ନа 3+x ǴځᎩኧၨ೏ 1+x  ନ܌ளޑᎩኧϿ 2Ƕ؃ kǶ 

 (HKMO 2001/02 ߃ᖻঁΓ) 

เǺ з 3)( 23 ++= kxxxf Ǵ 

 )3()1( −−− ff       = 2 

 ]3)3()3[(]3)1()1[( 2323 +−+−−+−+− kk  = 2 

 392731 −−+++− kk     = 2 

 k8−         = -24 

 k         = 3 

 

6. ऩ baxxx +++ 24 4  ૈ೏ 322 −+ xx  ᏾ନǴ؃ ab  ॶǶޑ 

เǺ ှݤ΋Ǻ 

   ೛ baxxxxf +++= 24 4)(  

   322 −+ xx  = )1)(3( −+ xx  

   )3(−f  = ba +−+−+− )3()3(4)3( 24  = 0 

      ba −3      = 117 Ǿ(1) 

   )1(f  = ba +++ )1()1(4)1( 23   = 0 

      ba +      = -5 (2) 

   (1) + (2)Ǻ a4       = 112 

      a      = 28 

   வԶள  b      = -33 

   ջ   ab  = )33(28 −×   = -924Ƕ 

 ΒǺݤှ 

   baxxx +++ 24 4  = )33()28()32)(112( 22 ++−+−++− bxaxxxx  

   җܭ᏾ନޑӢનǴ28()33(0 ࡺ( =++− bxa Ƕ 

   ջ 33,28 −== ba Ǵ܌а ab  = )33(28 −×  = -924Ƕ 
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)ӭ໨Ԅନа )1ࢌ .7 +x )2Ǵନа )2 ࣁᎩኧޑ  +x 1Ǵୢӭ໨Ԅନ ࣁᎩኧޑ 

а )2)(1( ++ xx  ՖǻࣁᎩԄޑ 

เǺ ೛ӭ໨Ԅࣁ )(xp Ǵନа )2)(1( −− xx xq)( ࣁ୘Ԅޑ   ǴᎩԄࣁ bax + Ƕ 

 )(xp  = baxxxxq ++−− )2)(1)((  

 )1(−p  = baq +−++−+−− )1()21)(11)(1(  = 2 

    ba +−       = 2 ... (1) 

 )2(−p  = baq +−++−+−− )2()22)(12)(2(  = 1 

    ba +− 2       = 1 ... (2) 

 (2) - (1) 

    a−        = -1 

    a       = 1 

 а  b       = 3܌ 

 ջᎩԄ3 ࣁ+x Ƕ 

 

8. ςޕ΋ঁΒԛΟ໨Ԅ )(xf  ନа )3(),2(),1( −−− xxx  ,1 ࢂᎩኧϩձޑள܌ 

3, 33Ǵ؃ )(xf Ƕ 

เǺ ೛ cbxaxxf ++= 2)( Ƕ 

 )1(f  = cba ++ )1()1( 2  = cba ++   = 1 ...(1) 

 )2(f  = cba ++ )2()2( 2  = cba ++ 24  = 3 ...(2) 

 )3(f  = cba ++ )3()3( 2  = cba ++ 39  = 33 ...(3) 

 (2) - (1)Ǻ 

   ba +2  = 2 ...(4) 

 (3) - (1)Ǻ 

   ba 28 +  = 32 

   ba +4  = 16 ...(5) 

 (5) - (4)Ǻ 

   a2   = 14 

   a  = 7 

 а b  = -12Ǵ܌ 

 ջ c+−127  = 1 

   c  = 6Ƕ 

а )(xf܌   = 6127 2 +− xx Ƕ 
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9. ӢԄϩှ 3333)( zyxzyx −−−++ Ƕ 

 ж yx −=  ΢Ԅ0 ࣁ)( 3333 =−−+++− zyyzyy Ǵ 

)( ΢Ԅ֖Ӣηࡺ  yx + Ƕӕ౛΢Ԅ֖Ӣη )(),( xzzy ++ Ƕ 

))()(( = з΢Ԅࡺ  xzzyyxK +++  

 ж 0,1 === zyx Ǵள K)1)(1)(2(  = 3333 0112 −−−  

       K2    = 6 

       K   = 3 

а΢Ԅ = ))()((3܌  xzzyyx +++  

 

10. ӢԄϩှ 322322322 )()()( xzzyyx −+−+− Ƕ 

เǺ ϩှ 322322322 )()()( xzzyyx −+−+− Ǵж 22 yx = Ǵளॶ 0Ǵ 

 ջ၀ԄӸԖӢԄ 22 yx − Ǵӕ౛ҭӸԖӢԄ 22 zy −  Ϸ 22 xz − Ƕ 

 җܭ၀ԄࣁϤԛԄǴࡺёз၀Ԅ = ))()(( 222222 xzzyyxA −−−  

 ж 2,1,0 === zyx Ǵள 

 333 )4()3()1( +−+−  = )4)(3)(1( −−A  

 A     = 
12

36
  = 3 

а  322322322܌  )()()( xzzyyx −+−+−  

 =  ))()((3 222222 xzzyyx −−−  

 =  ))()()()()((3 xzxzzyzyyxyx +−+−+− Ƕ 

 

ʃᱹᮝ̳ᮢ᱿ቺ⣫ᆯʃሳએ߱᱿ȯ 

 

ോڏߡણ૊Ȯᄲણ૊ 

⓽లଛ②  

(Gottfried Wilhelm von Leibniz 
1646-1716) 
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భୢ 

 
1. ೛ C 1)(21)(31)...(141)(151( ࣁ( xxxxx −+−+− ৖໒Ԅύ 2xޑ   ኧǴ؃سޑ 

C  ॶǶ (AIME 2004)ޑ 

 

2. ऩ 12008)( 2008 +−= xxxf Ǵ؃ )(xf  ନаΠӈӚԄޑᎩԄǶ 

 (a) 1−x   (b) 1+x   (c) 12 −x   

 

3. ऩ 22 234 −+++ bxxaxx  ૈ೏ 22 −− xx  ᏾ନǴ؃ ab  ॶǶޑ 

 

4. ؃ 32 )25( ++ xx  ନа 322 ++ xx  ᎩԄǶޑ 

 

5. ऩ a ࣁჴኧЪ 02752 23 =−+ aa Ǵ؃ a ޑॶǶ (HKMO 1995/96 ،ᖻঁΓ) 

 

6. ؃ΟԛБำ )(xf Ǵ٬ 

 (a) 0)4(,20)3(,16)2(,0)1( =−=−== ffff Ƕ 

 (b) 40)4(,3)3(,2)2(,1)1( ==== ffff Ƕ  

 

7. ؃ 199119971990 −  ೏ 1996 ନ܌ளޑᎩኧǶ (HKMO 1990/91 ߃ᖻიᡏ) 

 

8. ೛ΒԛΟ໨Ԅ baxx 32 −−  Ϸ baxx 572 ++ x+2 ࣁനεϦӢԄޑ  Ǵ၂ٿ؃

ԄޑനλϦ७ԄǶ 

 

9. ؃ 2414132 234 +−−+ xxxx  Ϸ 16246 234 +−++ xxxx നεϦӢԄϷനޑ 

λϦ७ԄǶ 

 

10. ϯᙁΠӈϩԄǺ 

 (a) 
))()((

)( 3333

accbba

cbacba

+++
−−−++

 

 (b) 
))()((

)()()( 442442442

yxxzzy

yxzxzyzyx

−−−
−+−+−

 

 

11. ϩှΠӈჹᆀӭ໨ԄǺ 

 (a) )()()( xzzxzyyzyxxy −+−+−   

 (b) 222 )()()( bacacbcba +++++  

 (c) 3333333)( xzzyyxzxyzxy −−−++  
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၁เ 

 
1. C (1-) ࣁǵ(+2)ǵ(-3)ǵ...ǵ(-15)ύҺՖঁٿό࣬฻ޑኧޑ४ᑈϐکǶ 

 2)15...321( −+−+−  = C2)15(...)3()2()1( 2222 +−++−+++−  

 2)8(−     = C2)15(...)3()2()1( 2222 +−++−+++−  

 64     = C2225...941 +++++  

 64     = C2)130)(115)(15(
6

1 +++  

 64     = C21240 +  

 C     = 
2

124064 −
 = -588 

а܌  C    = 588Ƕ 

 

2. (a) ਥᏵᎩԄۓ౛Ǻ 
   Ꭹኧ = )1(f  = 1)1(2008)1( 2008 +−   = -2006 

 (b) ਥᏵᎩԄۓ౛Ǻ 
   Ꭹኧ = )1(−f  = 1)1(2008)1( 2008 +−−−  = 2010 

 (c) ၂ )(xf  ନа )1( 2 −x xQ)( ࣁ୘Ԅޑ  ǴᎩԄࣁ dcx + Ǵ 

   ջ dcxxxQxf ++−= )1)(()( 2  

   )1(f  = dcQ ++− )1(]1)1)[(1( 2   = -2006 

      dc +      = -2006 Ǿ(1) 

   )1(−f  = dcQ +−+−− )1(]1)1)[(1( 2  = 2010 

       dc +−     = 2010 Ǿ(2) 

   (1)+(2) d2     = 4 

     d    = 2 

   Զ  c    = -2008 

22008 ࣁаᎩԄ܌    +− x Ƕ 
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3. ೛ 22)( 234 −+++= bxxaxxxf ǶӢ )(xf  ёа᏾ନ 22 −− xx Ǵջ )(xf  

ёа᏾ନ )2( −x  Ϸ )1( +x Ƕ 

 )2(f  = 2)2()2(2)2()2( 234 −+++ ba  = 0 

    228816 −+++ ba     = 0 

    ba 28 +       = -22 

    ba +4       = -11 Ǿ(1) 

 )1(−f  = 2)1()1(2)1()1( 234 −−+−+−+− ba = 0 

    221 −−+− ba     = 0 

    ba +       = 1 Ǿ(2) 

 (1) ȉ (2) a3        = -12 

    a       = -4 

 Զ  b        = 5 

)а 20)5)(4܌  −=−=ab Ƕ 

 

4. з 322 ++= xxy Ǵ 

32 ߾  )25( ++ xx   = 3)13( −+ xy  

      = 3223 )13()13(3)13(3 −+−+−+ xyxyxy  

 җܭ΢Ԅѓᜐ߻ޑΟ໨֡ё᏾ନ 322 ++= xxy Ǵ 

΢Ԅନа 322ࡺ  ++= xxy  ᎩԄǶޑ ໨ନа y҃ܭᎩԄ฻ޑ 

   ҃໨  = 3)13( −x  = 192727 23 −+− xxx  

      = 24290)8127)(32( 2 ++−++ xxxx  

24290 ࣁᎩԄࡺ  +x Ƕ 

 

5. з 2752)( 23 −+= aaaf Ǵ 

 )1(f  = 27512 −+   = 0272 ≠−  

 )1(−f  = 27512 −+−   = 0276 ≠−  

 )5(f  = 27525250 −+  = 0 

a=5 ࡺ  Ƕ 
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6. (a) Ӣ1()4(0 ࣁ( == ff Ǵ܌а೛ )4)(1)(()( −−−= xxbxaxf Ƕ 

   )2(f  = )42)(12)(2( −−− ba  = -16 

      )2( ba −     = 8 Ǿ(1) 

   )3(f  = )43)(13)(3( −−− ba  = -20 

      )3( ba −     = 10 Ǿ(2) 

   (2)/(1)  
b

b

−
−

2

3
    = 

8

10
 

      b824 −   = b1020 −  

      b   = -2 

    Զ  a   = 2 

)а )4)(2)(1(2)܌    −+−= xxxxf Ƕ 

 (b) з xxfxg −= )()( ǴԶ 0)3()2()1( === ggg Ǵ 

)()а )3)(2)(1܌    −−−= xxxaxg Ǵ 

   Զ )(xf  = xxxxa +−−− )3)(2)(1(  

    )4(f  = 4)34)(24)(14( +−−−a  = 40 

    46 +a  = 40 

    a  = 6 

а )(xf܌     = xxxx +−−− )3)(2)(1(6   

      = 3667366 23 −+− xxx Ƕ 

 

7. ೛ 1991)( 1990 −= xxf Ǵ )(xf  ନа )1( −x  ࣁᎩኧޑ 

 )1(−f  = 1991)1( 1990 −−  = 1 - 1991 = -1990 

 ౜1997 ڗ=x Ǵ 199119971990 −  ೏ 1996 ନ܌ளޑᎩኧ1990- ࢂǴ 

 ջ 619901996 =− Ƕ 

 

8. ж 2−=x  ΕΒԄǺ  ba 3)2()2( 2 −−−−  = 0 

     ba 324 −+    = 0 ... (1) 

     ba 5)2(7)2( 2 +−+−  = 0 

     ba 5144 +−    = 0 ... (2) 

 (1) - (2)Ǻ ba 816 −     = 0 

     b     = a2  ... (3) 

 ж (3)Ε(1)Ǻ aa 624 −+    = 0 

     a     = 1 

 а b    = 2܌     

 ջΒԄ62)2)(3( ࣁ −+=−− xxxx  Ϸ )5)(2(1072 ++=++ xxxx Ǵ 

)2)(3)(5( ࣁനλϦ७ԄޑԄٿа܌  +−+ xxx Ƕ 
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9. ( 2414132 234 +−−+ xxxx , 16246 234 +−++ xxxx ) 

  = ( 2414132 234 +−−+ xxxx , 810144 23 −−+ xxx ) 

  = ( 2414132 234 +−−+ xxxx , 4572 23 −−+ xxx ) 

  = ( 4824213 23 −++ xxx ,  4572 23 −−+ xxx ) 

  = ( 1687 23 −++ xxx ,   4572 23 −−+ xxx ) 

  = ( 28217 2 +−− xx ,   4572 23 −−+ xxx ) 

  = ( 432 −+ xx ,    4572 23 −−+ xxx ) 

  = 432 −+ xx  

432 ࣁаനεϦӢԄ܌  −+ xx  = )4)(1( +− xx Ƕ 

 җ2414132 ܭ 234 +−−+ xxxx  = )6)(4)(1( 2 −−+− xxxx  

         = )4)(3)(2)(1( +−+− xxxx  

   16246 234 +−++ xxxx  = )43)(4)(1( 2 −++− xxxx  

         = 22 )4()1( +− xx   

аനλϦ७Ԅ 22܌  )4)(3)(2()1( +−+− xxxx Ƕ 

  

10. (a) ϩှ 3333)( cbacba −−−++ Ǵ 

   җܭж ba −=  ΕচԄǴߡள 0Ǵࡺ )( ba +  ΋ӢԄǴࢂ

    ӕ౛ )(),( accb ++  ҭࣁӢԄǶ 

   җܭ΢ԄࣁΟԛԄǴࡺз΢Ԅࣁ ))()(( accbbaL +++ Ƕ 

   Кၨ abc سޑኧǴள L26 = Ǵջ 3=L Ƕ 

 = চԄࡺ   
))()((

))()((3

accbba

accbba

+++
+++

 = 3Ƕ 

 (b) ϩှ )()()( 442442442 yxzxzyzyx −+−+− ， 

   җܭж 22 yx =  ΕচԄǴߡள 0Ǵࡺ ))(( yxyx +−  ΋ӢԄǴࢂ

    ӕ౛ ))((),)(( xzxzzyzy +−+−  ҭࣁӢԄǶ 

   җܭ΢ԄࣁϤԛԄǴࡺз΢Ԅࣁ 
   ))()()()()(( xzxzzyzyyxyxL +−+−+−  

   Кၨ 42 yx ኧǴள 1=Lسޑ  Ǵ 

 = চԄࡺ   
))()((

))()()()()((

yxxzzy

xzxzzyzyyxyx

−−−
+−+−+−

 

     = ))()(( xzzyyx +++
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11. (a) җܭж yx =  ΕচԄǴߡள 0Ǵࡺ )( yx −  ΋ӢԄǶࣁ 

    ӕ౛ )(),( xzzy −−  ҭࣁӢԄǶ 

   җܭচԄࣁΟԛԄǴࡺзচԄࣁ ))()(( xzzyyxL −−− Ƕ 

   ж 2,1,0 === zyx Ǵள 

   2−  = )2)(1)(1( −−L  = L2 Ǵ 

   ջ 1−=L ǴࡺচԄࣁ ))()(())()(( zxyzxyxzzyyx −−−=−−−− Ƕ 

 (b) җܭж ba −=  ΕচԄǴߡள 0Ǵࡺ )( ba +  ΋ӢԄǶࣁ 

    ӕ౛ )(),( accb ++  ҭࣁӢԄǶ 

   җܭচԄࣁΟԛԄǴࡺзচԄࣁ ))()(( accbbaL +++ Ƕ 

   Кၨ abc سޑኧǴள 

   6 = L2  

   ջ 3=L ǴࡺচԄ3))()(( ࣁ accbba +++ Ƕ 

 (c) җܭж 0=x  ΕচԄǴߡள 0Ǵࡺ x ࢂ΋ӢԄǴ 

    ӕ౛ zy,  ҭࣁӢԄǶ 

   ӆж yx −=  ΕচԄǴҭள 0Ǵࡺ )( yx +  ΋ӢԄǴࢂ

   ӕ౛ )(),( xzzy ++  ҭࣁӢԄǶ 

   җܭচԄࣁϤԛԄǴ܌азচԄࣁ ))()(( xzzyyxLxyz +++ Ƕ 

   ж 1=== zyx ΕচԄǴள 

   24 = L8  

   ջ 3=L ǴࡺচԄ3))()(( ࣁ xzzyyxxyz +++ Ƕ 

 (d) җܭж ba =  ΕচԄǴߡள 0Ǵࡺ )( ba −  ΋ӢԄǴࢂ

    ӕ౛ )(),( accb −−   ҭࣁӢԄǶ 

   җܭচԄࣁϖԛԄǴࡺзচԄࣁ         

  )()()[)()(( 222 cbaNcabcabMaccbba +++++−−−  

   ж 2,1,0 === cba Ǵள 

   )52(2 NM +  = 555 )2()1()1( +−+−  = 30 

   NM 52 +  = 15 Ǿ(1) 

   ж 3,1,0 === cba Ǵள 

   )103(6 NM +  = 555 )3()2()1( +−+−  = 210 

   NM 103 +  = 35 Ǿ(2) 

   (2)-(1)*2 

   M−   = 5 

   M   = -5 

   Զ N  = 5 

   ջচԄ  

   = )(5)(5)[)()(( 222 cbacabcabaccbba +++++−−−−  

   = ))()()((5 222 cabcabcbaaccbba −−−++−−−  

 


